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SECOND ORDER ESTIMATES FOR HESSIAN EQUATIONS OF 
PARABOLIC TYPE ON RIEMANNIAN MANIFOLDS 


HEMING JIAO 

Abstract. In this paper, we establish the second order estimates of solutions to 
the first initial-boundary value problem for general Hessian type fully nonlinear 
parabolic equations on Riemannian manifolds. The techniques used in this article 
can work for a wide range of fully nonlinear PDEs under very general conditions. 

Keywords: Fully nonlinear parabolic equations, Riemannian manifolds, a priori 
estimates. The first initial-boundary value problem. 


1. Introduction 

Let {M^,g) be a compact Riemannian manifold of dimension n > 2 with smooth 
boundary dM and M := M U dM. We will study the equation 

(1.1) /(A(V^m + A[u\)) -ut = ii{x, t, u, Vm) 

in Mp = Mx(0,T] cMxM, where / is a symmetric smooth function of n variables, 
denotes the Hessian of u{x,t) with respect to x G M, A[u] = A(x,f, Vu) is a 
(0, 2) tensor on M which may depend on t G [0, T] and Vu and 

A(V\ + A[n]) = (Ai,...,A0 

denotes the eigenvalues of + A[u] with respect to the metric g. 

In this paper we are mainly concerned with the a priori C‘^ estimates for solutions 
to (II.ip with boundary condition 

(1.2) M = (^ on VMt, 

where G C°°{VMt) satisfying A(V^(^(x,0) -b A[(^(x, 0)]) G V for all x G M. Here 
VMp = BMp U SMp is the parabolic boundary of Mp with BMp = M x |0| and 
SMp = dM X [0,T]. 

The idea of this paper is mainly from Guan and Jiao [7] where the authors studied 
the second order estimates for the elliptic counterpart of fll.ip : 

(1.3) /(A(V^m + A(x, u, Vu))) = 'ip{x, M, Vu). 

Comparing with the elliptic case, the main difficulty in deriving the second order 
estimates for the parabolic equation fll.ip is from its degeneracy which is overcome 
by using the strict subsolution in this paper. Surprisingly, thanks to the strict subso¬ 
lution, we are able to relax some restrictions to /. Again because of the degeneracy, 
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we do not get the higher estimates and the existence of classical solution. It is useful 
to consider viscosity solutions to fll.ip which will be addressed in forthcoming papers. 

The hrst initial-boundary value problem for equation of form fll.ip in M” with A = 0 
and ip = 'ip{x,t) was studied by Ivochkina and Ladyzhenskaya in |8] (when / = al/"') 
and [9]. Jiao and Sui treated the case that A = x{x) and -0 = t) on Riemannian 
manifolds using the techniques of [5] and [7]. For the elliptic Hessian equations on 
manifolds, we refer the readers to Li HD, Urbas [13], Guan 0016], Guan and Jiao 
[7] and their references. 

As in [2], in which the authors studied the equations fll.3|) with A = 0 and 0 = 'ijj{x) 
in a bounded domain of M", / G G°°(r) nC'°(r) is assumed to be dehned on F, where 
F is an open, convex, symmetric proper subcone of with vertex at the origin and 

F”*" = {A G M" : each component Aj > 0} C F, 
and to satisfy the following structure conditions in this paper: 

d f 

(1.4) /i = — > 0 in F, l<i<n, 

oXi 

(1.5) / is concave in F, 
and 

(1.6) / > 0 in F, / = 0 on dT. 

Typical examples are given by / = and / = {<Jk/1 < I < k < n, 
dehned in the cone F*. = {A G M"' : (Xj(A) > 0,j = l,...,/c}, where afc(A) are the 
elementary symmetric functions 

Another interesting example is / = logP^, where 

Pfc(A) := (Aj^ J- • • • J- Ajj.), 1 < k < n, 

dehned in the cone 

'Pk ■= {A G M"" : Aj^ J- • • • J- Aj^ > 0}. 

We call a function u{x,t) admissible if A(V^m-|-A[m]) G F in M x [0, T]. It is shown 
in [2] that fll.jp ensures that equation fll.ip is parabolic for admissible solutions. fll.5p 
means that the function F dehned by F{A) = f{X[A]) is concave for A G 5"^" with 
A [A] G F, where 5"^" is the set of n x n symmetric matrices. 

Throughout the paper we assume A[u] is smooth on Mt for u G 0 G 

C°°{T*Mx [0, T] xR) (for convenience we shall write 0 = 0(a;, t, z,p) for {x,p) G T*M, 
t G [0, T] and x G R though). Note that for hxed (x, t) G Mr and p G T*M, 

A(x, t,p) : T*M X T*M R 









HESSIAN EQUATIONS OF PARABOLIC TYPE 


3 


is a symmetric bilinear map. We shall use the notation 

and, for a function v G CI’1{Mt), A[v] := Vu), A^'^[v] := Vn) (see 

[Z])- 

In this paper we assume that there exists an admissible function u G C‘^{Mt) 
satisfying 

(1.7) /(-^(V^M + ^[m])) —Ut> + (5o in M X [0,T]. 

for some positive constant 5o with u = ipon dM x [0, T] and u<(pmMx {0}. 

We shall prove the following Theorem. 

Theorem 1.1. Let u G be an admissible solution of jn. Suppose (11.411 - 

(11.6p and (11.711 hold. Assume that 

(1.8) —'ip{x,t,z,p) and A^^{x,t,p) are concave in p, 

(1.9) 

Then 

(1.10) max IV^mI < ( 71(1 + max IV^mI) 

Mt 'PMt ' 

where Ci > 0 depends on |m|ci(Mt) \iAc‘^{Mt)- Suppose that u also satisfies the 
boundary condition (II.2p and, in addition, assume that 

(1.11) 5^/*(A)A,>0, VAgT, 

(1.12) f{X{V^ip{x,0) + A[ip{x,0)])) - ipt{x,0) = 'ilj[ip{x,0)], Vx G M, 
and 

(1.13) (pt{x,t)+il){x,t,z,p) > t] 

for each {x,t) G SMt, p G TfM and 2 : G M. Then there exists (72 > 0 depending on 

\'p\c‘^{'pMt) such that 

(1.14) max IV^mI < (72. 

PMt 

Since u is admissible, we have, by (II.8p . 

Am + tiApfix, t, 0)VfcM + try4(x, t, 0) > Au + iiA{x, t, Vw) > 0 
and by the maximum principle it is easy to derive the estimate 

(1.15) max ImI + max I VmI < (7. 

Mt VMt 

Combining with the gradient estimates iTheorem I5.11l53p . we can prove the fol¬ 
lowing theorem immediately. 
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Theorem 1.2. Let u G be an admissible solution of / (i. ij) in Mt with u> u 

in Mt and u = (p on VMt- Suppose fll.4|) - fll.6p . fll.7p - fll.9p . and fll.lip - fll.13p hold. 
Then we have 

(1-16) < C, 

where C > 0 depends on n, M and |m|c2(Mt) '^'i^der any of the following additional 
assumptions: (i) fl5.1l) - fl5.3p hold for'^i < 4, 72 = 2 m (15.ip .- (ii) {M^,g) has nonneg¬ 
ative sectional curvature and fl5.ip hold for 'yi ,'^2 < 2; (Hi) fl5.ip . fl5.16l) - fl5.20p hold 
for 7 i, 72 <4 in fl5.ip and 7 < 2 m fl5.18l) - fl5.20l) . 

The rest of this paper is organized as follows. In Section 2, we introduce some 
preliminaries and present a brief review of some elementary formulas. In Section 
3 and Section 4, we establish the global and boundary estimates for second order 
derivatives respectively. The gradient estimates are derived in Section 5. 

2. Preliminaries 

Throughout the paper V denotes the Levi-Civita connection of {M"',g). The cur¬ 
vature tensor is defined by 

R{X, Y)Z = —WxXyZ -\- WyXxZ -I- W[x,y]Z. 

Let Cl,.. . ,e„, be local frames on M^. We denote gij = g{ei,ej), {g^^} = 

Define the Christoffel symbols PL by VeiCj = Lhefc and the curvature coefficients 

Rijkl g^Rirki ^l)^j 1 ^i)) Rjkl 9 Rmjkl- 

We shall use the notation = Ve^, = VjVj — PLVfc, etc. 

For a differentiable function v defined on we usually identity Vn with the 
gradient of v, and use to denote the Hessian of v which is locally given by 
VijV = Vi(Vjn) — rLVfcU. We recall that VjjU = VjjU and 

( 2 . 1 ) VijkV - VjikV = RiijXiv, 

X ijklV — XklijV = Rljk^imV + 'ViRijffVm'V + Ruk^ jm^ 

^ ^ + Rpk^lmV + R'JliVkmV + VkR^a^mV. 

Let u G C'^^Mt) be an admissible solution of equation fll.ip . For simplicity we 
shall denote U := -|- A{x, t, Vn) and, under a local frame ei,..., e„, 

Uij = U{ei,ej) = VijM + Vm), 


(2.3) 


XkUij =VU{ei,ej,ek) = V kijU + VkA"-^ {x,t,Xu) 

= VkijU + A^f^ (x, f, Vu) + (x, f, Vu)Vkiu, 
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{Uij)t ={U{ei,ej))t = {Viju)t + AWx,t,Vu) + A^^^{x,t,Vu){Viu)t 
= VijUt + A\^ {x, t, Vm) + {x, t, Vu)ViUt, 

where A^^ = A^'^^ and A^J^ denotes the partial covariant derivative of A when viewed 
as depending on x E M only, while the meanings of Al^ and A^J^, etc are obvions. 
Similarly we can calcnlate VkiUtj = Vk^iUij — etc. 

Let F be the fnnction dehned by 


F{h) = f{X{h)) 


for a (0,2) tensor h on M. 

Following the literatnre we denote thronghont this paper 


po 


dF 

dhij 


(U), = 


d‘^F 

OhijOhki 


iU) 


nnder an orthonormal local frame ei,...,en. The matrix has eigenvalnes 

fi,..., fn and is positive dehnite by assnmption (II.dh . while (ll.5p implies that F 
is a concave fnnction of Uij (see 0). Moreover, when {Uij} is diagonal so is 
and the following identities hold 


F^'UikUkj = Y, = (^ 1 ’ ■ ■ - ^-)- 

Dehne the linear operator C locally by 

Cv = F^^V^v + (f*m;^^ - V’pjVfcT - Vt, 

for V G Clj{MT)- We can prove 


Theorem 2.1. Let u he an admissible solution to jmi with u > u in Mt- Assume 
that fll.dp . fll.Sp . fll.Sp and fll.hp hold. Then there exists a constant 9 > 0 depending 
only on dg and u such that 

(2.5) C{u-u)>e{l + YF"") 


Proof. Since u is admissible satisfying fll.7p . there exists a constant £o > 0 snch that 
[x G Mt ■ A(V^:u + ^[m] — Egg)} is a compact snbset of F and 

f{\{V^u + A\u\ - Egg)) - Mf > Y in Mt- 

Let 9 = min{^,eo}- For each (x,t) G Mt, we may assnme {Uij} = {VijU + is 
diagonal at (x, t). From (II.Sp . (II.9p and the concavity of F, we see, at (x, t). 


F^\U,, - eggu - Uii) 


{u — u)t > ifix, t, u, Vu) — ipix, t, u, Vu) + — 
> ii){x, t, u, Vm) — ^p{x, t, u, Vm) + — 

>'i/'p»Vt(ti-'u) +Y- 


( 2 . 6 ) 
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(2.7) 


By (11.81) again, we have 

F'\Uii - Uii) = F^^Viiiu -u) + t, Wu) - A^\x, t, Wu)) 

> F^^Vuiu -u) + F^^A^Vkiu - u). 

Combining fl2.6p and fl2.7p . we get 

£(«-«)> T, f" + ^ > «(1 + F“) 


□ 


3. Global estimates for second derivatives 
In this section, we prove fll.lOp in Theorem 11.11 for which we set 
W = max max (V feu + A^^(x,u,Vu)e'^, 

{x,t)&MT ? 6 T^M ,151 = 1 

as in [7], where 0 is a function to be determined. It suffices to estimate W. We 
may assume W is achieved at (xo,to) ^ — VMt- Choose a smooth orthonormal 

local frame ei,..., e„ about Xq such that VjCj = 0, and U is diagonal at (xq, to)- We 
assume 17ii(xo,to) > • • • > UnnixoAo)- We have W = f/ii(xo, 

At the point (xo,to) where the function logf/n + cj) attains its maximum, we have 

(3.1) = 0 for each i = 1,... ,n, 

Un 

(3.2) + 01 > 0, 
and 

(3.3) o>^F«{^-<7§i)! + v„^}. 

^ 

Differentiating equation (II.ip twice, we find 

(3.4) F'-^VkUii - VkUt = ‘ipxk + i’uVkU + iJp^VkjU, for all k, 
and 

F^WnUu+F^^F^,U,,ViUki - Vniq 

> ViijM + ikuViiu - CUu 

+ 0pipift^i — CUii 

= — Uii'ijjp.'Vj(j) + i^pipiUii ~ CUn- 


(3.5) 
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Next, by (13.Ih and (13.4^ . 

- V„^“) > F"(AiyiijU - 

+ - CUn J2 P“ 

0-6) > UnF‘‘J^;Vj4i + - CUn -F" - CUn 

i>2 i>2 

Note that 

(3.7) WiiUii > Viit/ii + - ViiA'' - CUii. 

Thus, by fl3.5p . fl3.6p and (13.21) . we have, at {xo,to), 

F"ViiUn > F“VnUii - CUn(i + Y. 

-CY F“Ul - Ff, Y F‘‘A%, + UnF“A%Vi4> 

(3.8) 

> UnCcP - Vit/fc; + 

- CUn(l + 5^ F“) - CP'Ul - U't, Y 


It follows that, by (13.3p . 

(3.9) C4, < Un Y - AirTn + C(1 + ^ F“) + ^F'Vl + E, 

i>2 


where 


Let 


Oil Oil 


(5|Vm| 


+ bT], 


where b, 6 are undetermined constants, 0 < 5 < 1 < 6, and // is a function which 
may depend on u but not on its derivatives. We calculate, at (xo,to), 

(3.10) = 5W juWijU + bW iT] = dViuUii — 5W juA^^ + 

(3.11) 4>t = 5Vju{yju)t + brit 


> -[/2 
- 2 ** 


C 6 + 5 V juViijU + bVaf}. 


(3.12) 
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From (12. ip and (13.4^ . we derive 


(3.13) 


> F^^Vju{VjUii - - C\Vu\^ ^ F** 

> {ijp, - F^^A;^)VjuVjiu + VjuV,{ut) -C{l + J2 ^“)- 


Therefore, 

(3.14) C(j) > bCr] + -F^Vl -C'^F^^-C. 

Let 1 ] = u — u. We get from fl3.10p that 

(3.15) (V,((>)" < ^^"(l + f/|) + < Cb^Ul + (F&l 

For fixed 0 < s < 1/3 let 

J = {i -.Ua < -st/ll}, K = {i ■.Uii> -sUn}. 


Using a resnlt of Andrews P and Gerhardt [3] as in [5] and P (see [I3] also), we 
have 


(3.16) E<Cb^Yl Y1 + G ^ F** + C{6^U^^ + b^)F^\ 

ieJ 

Therefore, by (I3.9p . fl3.14p and (I3.16p . we have 

bCr] < (C5^ - ^ + F^W/i + Cb^ 5^ G** + G ^ F** 

ieJ 

+ C{6^U^. + b^)F^^ + G 

/ h Gx 

< (C5^ -- + — jF*W2 + Cb^ ^ + G ^ F** 

ieJ 

+ Gfo^F^^ + G. 


Choose 6 snfficiently small snch that Gh^ ~ f is negative and let 


Cl := 


CS^ 


> 0 . 


We may assnme 




for otherwise we have Un < — and we are done. Thus, by fl2.5l) . choosing b sufficiently 
large, we derive from fl3.17p that 

ciF^G^ - Gfo^F^^ - Gfo^ ^F** < 0. 


ieJ 


Then we can get a bound Gii(xo,to) < G since \Uii\ > sUn for i ^ J. The proof of 
fll.lOp is completed. 
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4. Boundary estimates for second derivatives 

In this section, we consider the estimates of second order derivatives on parabolic 
boundary VM^- We may assume ip G 

Fix a point {xo,to) G SMt- We shall choose smooth orthonormal local frames 
Cl,... ,e„ around Xq such that when restricted to dM, Cn is normal to dM. Since 
u — u = 0 on SMt we have 

(4.1) Va/3{u — u) = —Vn{u — u)n{ea, Cjs), V 1 < tt, /3 < U OU SMt, 
where U denotes the second fundamental form of dM. Therefore, 

(4.2) |Va/ 3 M| < C, V 1 < a,/9 < n on SMt- 
Let p{x) denote the distance from x E M to Xq, 

p{x) = distA^n(a;, xq), 

and set 

Ms = {X = (x, t) G M X (0, T] : p{x) < S,t < to + 5}. 

For the mixed tangential-normal and pure normal second derivatives at (xq, to), we 
shall use the following barrier function as in [5], 

(4.3) W = Aiv + A2p^ - Ao'^lXiiu- Lp)\^ 

l<n 

where v = u—u. By differentiating the equation fll.ip and straightforward calculation, 
we obtain 

(4.4) c{Vk{u-p))<c{l + Y,f^\>^^\ + Y.f)^ Vl<fc<n. 

Similar to |5] (see also), using Proposition 2.19 and Corollary 2.21 of [5] and 
Theorem 12.11 we can prove that there exist uniform positive constants 5 sufficiently 
small, and Ai, A 2 , A^ sufficiently large such that 

(4.5) £(!F ± Va{u — p)) < 0 in Ms 

and !F±Vo(m —</?) > 0 on VMs. Thus, by the maximum principle, we see !F±Vo(m — 
(^ 9 ) > 0 in Ms- Then we get 

(4-6) noi'^ {,xo,to)\<Vn^{,xo,to) <C, \/a<n. 

It remains to derive 

(4.7) VnnU{Xo,to) <C 

since Aw > —C. We shall use an idea of Trudinger [12] as [5] and [7] to prove that 
there exist uniform positive constants cq, Ro such that for all R > Rq, (A'[f/], i?) G F 
and 

(4.8) f{X'[U], R) — Ut> '?/’[«] -1- Co on SMt 
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which implies (14.Th by Lemma 1.2 in [2], where \'[U] = (A'^,..., denote the 
eigenvalues of the (n — 1) x (n — 1) matrix {Ua/ 3 }i<a,/ 3 <{n-i) and = '0(-, •, u, Vm). 
For R > 0 and a symmetric (n — 1)^ matrix with (A'({rQ^}), i?) G F , define 


and consider 

rriR^ min_ G[Uap{x,t)] - Ut{x,t) - ijlu]. 

{x,t)GSM'p 

Note that G is concave and rriR is increasing in R by fll.dp . and that 

cr = -Ut-'^h]) 

SMt 

> jnL(G|E,J - mu]) > 0 

SMt 


when R is sufficiently large. 

We wish to show uir > 0 for R sufficiently large. Without loss of generality we 
assume niR < cr /2 (otherwise we are done) and suppose tur is achieved at a point 
(xoRo) £ SMr. Choose local orthonormal frames around Xq as before and assume 
^ nn^(^X0i to) ^ Vnnn(j'0 5 ^o) • Let Und 

BG 

-[Ga/3(Xo, to)]- 

Note that aa 0 = n{ea, ep) on BM and that 

(4.9) - Uap{xo, to)) > G[r„/3] - G[Uap{xo, to)] 


for any symmetric matrix {rap} with (A'[{rQ,^}], i?) G F by the concavity of G. 
In particular, since Ut = = (ft on SMr, we have 


(4.10) 


Go^Uap - ^u] - ^Pt - GQ^UapixoRo) + V'[M](a:o,to) + Ut{xoRo) 

> G[Uap] - R[u] - Ut - ruR > 0 


on SMr. 

From fl4.ip we see that 

= ILs - V„(ti - u)a^f + Am] - on SM?. 


(4.11) 
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Note that at (xo,to), we have 

- u)Gfaa/s = Gf(U^^ - U^f,) + GfiA^^^iu] - A-^[u]) 

> G[U^f,] - G[U^p] + Gf{A^^[u] - A^f^[u]) 

= GiUafi] - 'ip[u\ - ut - rriR + Gq^{A°‘^[u\ - 

> Cr - rriR + ^/J[u] + Ut - ^/J[u] - Ut 

+ Gf{A'^f^[u]-A^^[u]) 

> y + M - Hlai 

where H[u] = Gq^A'^^[u] — ifj[u]. 

Dehne 

^ = -r]'^n{u -u) + H[u] -^Pt + Q 

where rj = Gq^ a a /3 and 

Q = Go^Vapu- GQ^Uaf3{xo,to) +'ip[u]{xo,to) +Ut{Xo,to)- 

By virtue of fl4.10p and fld.lip we see that ^ > 0 on SMr and <P{xo, to) = 0. 
Next, by fl4.4p and fll.81) . 

CH < H^[u]Cu + Hp^ [u]CVkU + Hp^p^ [u]VkiuVijU 

+ C(^F“ + 5;/.|Ai| + l) 

< CiY, F" + 5^/.|Ai| + 1) + H3u]Cu. 

Since Hz[u\ > 0, by Theorem 12.11 we have 

Cu = C{u -u) + Cu<G{1 + J2 ^**)- 

It follows that 

Therefore, 

(4.13) C<P < G{J2 F** + /.|A,| + 1). 

By the compatibility condition fll.l2p . we hnd that 

c'ji = inf G(V«/3(p + A[(p])(x,0) - V’b](x, 0) - p>t{x,0) > 0 
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when R is sufficiently large. We may assume mji < ^ (otherwise we are done). For 
X G M, by the concavity of G again, we have 


<?(a;,0) =Gf{Uap{x,0) - Uaf^{xo,to)) 

-'4![u\{x, 0) -ipt{x,0) +'4![u\{xo,to) +Ut{xo,to) 
= + A[ip\{x,Q) - Uafi{xoRo)) 

-ipt{x,0) +Ut{xo,to) +^|J[u\{xo,to) - ^jJ[^p]{x,0) 
>G{Val3(p + A[lp\){x,R) - G{Uaf^{xo,to)) 

-ipt{x,0) +Ut{xo,to) +'ip[u]{xo,to) -'ip[¥’]{x,0) 

>c'R-mR > 


It means that > 0 on BMt- Thus, we get > 0 on VMs. 

Consider the function dehned in (14. 3 p as before. Similarly, there exist another 
group of constants y4i S> ^42 3> vds S> 1 such that 


£(!F + < 0 in M, 5 , 

> 0 on VMs- 


(4.14) 


By the maximum principle we find > 0 in M^. It follows that V„lP(xo,to) ^ 

-Vn'^'ixoRo) > -G. 


Following [7], we write = su + {1 — s)u and 


H[u^] = GfA^f^[u^]-^lJ[u^]. 


We have 



Therefore, at (a;o,to); 


(4.15) 
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and 


(4.16) 


VnH[u] = VnH[u] + '^Vkn{u-u) / 


+ Vniu - u) / + H,p„[u^]VnU^)ds 


+ Vn{u-u) 


^ ^ [ dlp^pf[u In'll ds 

Jo 


<Vnn(M-M) / {HpJ(U^] + sHp^pJ^u""]^ n{u - U))ds + C 


< Vnn(M -U) Hpr, [u‘']ds + C 
Jo 

since Hp^p^ < 0, Vnn{u — m) > 0 and Vn{u — m) > 0. It follows that 
Vn^(a:o,^o) < - r]{xo,to)Vnn{xo,to) + VnH[u]{xo,tQ) + C 

(4.17) 


< ( - ri{xQ,to) + / Hp^[u'']{xQ,to)ds)VnnU{Xo,to) + C. 


By (1112!) and dESl), 


cr 


(4.18) v{xo,to)- Hp^[u"]{xo,to)ds> ^ 

Jo 2Vn{u-U){Xo,to) 

for some uniform ei > 0 independent of R. This gives 

(j 

(4.19) VnnU{XoRo)< -. 

eiCR 


> eiCR > 0 


So we have an a priori upper bound for all eigenvalues of {f/p(a;o, to)}- Now by 
01.131) . there exists a constant z/q > 0 such that 

inf_(pt(x, t) + '^(a:, t, u, Vm) > pq- 

{x,t)GSMT 

It follows that A[{7/jj(a;o, to)}] is contained in a compact subset of T by (II.6p . and 
therefore 

iriR = G[Uaf}{xo,to)] -Ut{xo,to) -'ijj[u]{xo,to) > 0 

when R is sufficiently large. Then 04.81) is valid and the proof of 01.14p is completed. 


5. Gradient estimates 


In this section we establish the gradient estimates to prove Theorem 15.1115.31 be¬ 
low. Throughout the section, we assume 01.4l) - 01.5p . 01.81) and the following growth 
conditions hold 


p-V^A^^{x,t,z,p) < ?/>i(x,t,z)|^|2(l + IpI^-i) 
p ■ V^'ip{xR,z,p) -f \p\^'4)^{xR,z,p) > -i)2{xR,z){l + \p[<^) 
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for some functions V'l) V ’2 > 0 and constants 71,72 > 0. 

Since the proofs of Theorem 15.1115.31 are similar to those of Theorem 6 .1-6.3 in [7], 
we only provide a sketch here. For more details we refer the reader to [7] where the 
elliptic Hessian equations are treated. 

Theorem 5.1. Let u G C^{Mt) he an admissible solution of / li.il) . Assume, in 
addition, that 

(5.2) lim /(crl) = -|-oo 

cr^OO 

where 1 = GM” and there exists a constant Cq > 0 such that 

(5-3) Allp^{x,t,p)rikr]i < + Co|^(^, 7 )^, y^,r]eT,,M. 

Suppose that 71 < 4, 72 = 2 in fl5.ip . and that there is an admissible function u G 
Then 

(5.4) max IVmI < 6 * 3(1-I- max iVnl) 

where 6*3 is a positive constant depending on |m|c;o(Mt) llilci(MT)- 

Proof. Let w = | Vm| and (f a positive function to be determined. Suppose the function 
achieves a positive maximum at an interior point (a;o,to) ^ ~ VMt where 

a < 1 is a positive constant. Choose a smooth orthonormal local frame ei,...,en 
about xq such that VeiCj = 0 at xq and {t/ij(xo,to)} is diagonal. 

The function log w — a log 0 attains its maximum at (xq, to) where for i = 1,... ,n, 


(5.5) 

ViW aVi(j) _ 

w (p 

(5.6) 

Wt a(bt 

— -> 0 

W (j) 

and 


(5.7) 

ViiW (a-a^)|Vi0p aVii0 ^ 

w (fP 4> ~ 

Note that 

wViW = ViuViiu, wwt = Viu{Viu)t 


By dUP, dEH) and ([331), 


wWiiW = S/iuS/iiiu + S/iiuS/iiu - S/iwS/iW 

= {Vmu + Rl,Vku)Viu + ( 4 , - 
> {ViUu - A^VikU - Al)Viu - C\Vu\^ 

9 

QjUJ 

= V,uV,Uii - - V,uAl - Cw\ 


(5.8) 


















HESSIAN EQUATIONS OF PARABOLIC TYPE 
By (13.41) . flS.Sp and fl5.6p . 


F^WtuViUii ^ VtUTp^, + ■i/'ulVup + iwViuVikU + V/uViUt 


(6.9) 


Pk 

aw^ 


aw 


> VzM'0x,+'0«|Vn| +——'i/;p^Vk(/> + 


Let 0 = (m — m) + 6 > 0, where 6=1 + supjy^^(;u — u). 
By (I5.3p we have 


(5.10) 


-A;^V,^=Aii(x,t,Vn)V,(n-n) 


Pk 


> A^^{x, t, Vu) - A^\x, t, Vu) + |(| - I Vz^n. 


We may assume that Cq is sufficiently small and that 

2a — 2a? — coacj) 


202 


> 0 


by choosing a sufficiently small. 

Thus, by (15.7p . (I5.8p . (15. 9 p and (Id.lOp . we hnd 




+ 


2a — 2a? — coacj) 
202 


F'ivz0p 


- ?F“A%V,u + +V'.,Vi“ + + +1 -cJ2f“ 


(5.11) 


‘ w 


20 




a 


+ —{ip{x, t, u, Vu) — 0(a;, t, u, Vu)) 

4> 

1 1 

- -F^^A^^ Viu + - m )* 






Choose F > 0 sufficiently large such that (see 0) 

F{2Bg + ^) > F{Bg) in Mt- 
Therefore, by the concavity of F, 

F"\Uii - Uii) > F{2Bg + U)- F(U) -2BJ2 

> F{Bg) -2BJ2 t, u, Vu) - Uf 


15 


(5.12) 
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It follows from (15.ip . (I5.2p . (IS.llh and (15.12^ that 


(5.13) 


0 > ^F(Bg) - C - (C + 2 B) V F“ + 

(p 

> - 3B - C| F' 


aco|V0p 




provided B is chosen sufficiently large. Thus, we get a bound |VM(a:o,to)| < C and 
so the proof of Theorem 15.11 is completed. □ 

Theorem 5.2. Let u G C^{Mt) be an admissible solution of liLl\) with u > u in Mt- 
Assume, in addition, that fll.7p . fll.9p and fl5.ip hold for 2 < 2 in fl5.ip and that 
{M"',g) has nonnegative sectional curvature. Then fl5.4p holds. 

Proof. Since [M^, g) has nonnegative sectional curvature, in orthonormal local frame, 

RiiiVkuViu > 0 . 

In the proof of Theorem 15.11 similar to fl5.8p , we have 

9 

OH) 

(5.14) wVuW > ViuViUu - -—A^:yk<P - 


XI 


It follows from (12.5p . (15.ip . (15.7p . (15.9p and (I5.14p that 


(5.15) 


0 > jC(u-u) + 4jV,uV'r, + - ^f“ai + ^-Af”|v,pP 


> ^0(1 + ^ - C\Vuy^-^ - Cl Vm 


72—2 


+ 


a — a 




provided |Vm| is sufficiently large. Choosing a sufficiently small, we can obtain 
bound |VM(a:o,to)| ^ C and fl5.4p holds. 

Theorem 5.3. Let u G C^{Mt) be an admissible solution of U.l\) in Mt. Assume, 
in addition, that (ED hold for 7i, 72 < 4, 

(5.16) / is homogeneous of degree one, 

(5.17) fjW ^ A G T with Xj < 0, 

where z/i is a uniform positive constant and there exist a continuous function 'ip > 0 
and a positive constant 7 < 2 such that when \p\ is sufficientl'y large, 

(5.18) p- Dp'ip{x,t,z,p), -p- DpA^^{x,t,z,p)/\f\^ <f;{x,t,z){l + \p\'^), 


(5.19) 

(5.20) 


-f^ix,t,z,p) < 'ip{x,t,z){l + \p\^), 

\A^'^{x,t,z,p)\ < 'ip{x,t,z)\f\\r]\{l + IpP), V^,p G T^M;^ T 7 . 


□ p 
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Then (15.4^ holds. 

Proof. In the proof of Theorem 15.11 we take (j) = —u + u + 1. By the concavity 

of y4** with respect to p, 

(5.21) ^4** = f, Vm) < f, 0) + f, 0)VfcM 
Thus, from fl5.16p . fl5.19p and fl5.2ip . we find 

= F^^ViiU = F^%i- F^^A^^ = ut + 'ip- F^^A^^ 

(5.22) >Ut + 'il^-C{l + \Vu\)Y,F" 

>ut- C{1 + I Vm|) F"" - C\Vu\\ 


By virtue of fl5.7p . fl5.8p . fl5.9p . fl5.ip . fl5.18p and fl5.22p . we see that for a < 1, 


(a — of) 


Viuip^ 


0 >^—7^F'-''\ViU\^ + + V'lx - T'^PfcVfcM - -Ut 

(t> o 


(5.23) 






a 

+ 


- C\Vu\^ - C{1 + I Vm|) F"" 

>ciF“|ViM|2 - C{\Vup^-^ + iVnp) 

- C(1 + I Vm| + I + I Vn|^) ^ F" 


provided |Vm| is sufficiently large. 

Without loss of generality we assume Viu{xo,to) > ^|VM(a;o, to)| > 0. Recall that 
Uij{xo,to) is diagonal. By fl5.5p . fl5.2ip and fl5.20p . we have 


(5.24) 


Un = 


0 


1 

ViM 


k>2 


< - + ^(1 + |Vm| + |Vnp-2) < 0 

0 


provided |Vm| is sufficiently large. Therefore, by (I5.16p . 

n 

fl > ^ fi^ 

i=l 

and a bound |VM(xo,to)| < C follows from 05.231) . □ 
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